1 Pendule double

91 1

|
I 6, b2

r1 = ll sin 91
y1 = —ly cos by
To = [y sin 61 + 9 sin H5

yo = —l1 cosf — I3 cos by
The derivatives

3-5'1 = 1191 COS 91

3)1 = 1191 sin 91

T9 = 1191 cos @y + lgég cos Oy

yQ = 119.1 sin 91 + 129.2 sin 92
The squares of the derivatives
i2 4+ 5% = 1262 cos® 0, + 1262 sin? 0, = 1262
. ) 2 . . 2

333 + y% = <Z191 cos 01 + 1265 cos 92) + <Z191 sin 61 + 905 sin 92)

= l%@% cos? 0, + 21191 cos 911292 cos Oy + l%@% cos? B+

—+ l%@% sin2 91 + 2llé1 sin 91[29.2 sin 92 —+ lg@g sin2 92
= 1%9% —+ 211[29.19.2 COS(91 — 92) + 1595

The kinetic energy

1 1 1 . . 1 . .
T= §mlv% + §m2v§ = gml(fﬂf +97) + 57”2(553 +93)
1

o1 ) ) ..
Smuld0} + Smo (z%e% 1202 + 201156165 cos(6y — 92))

1 o1 . .
= 5(m1 + mp)1326% + §mgl§9§ + mal1l20105 cos(6; — 65)

Potential energy

U = migy1 + magys
= —(m1 4+ ma)gly cos by — magls cos Oy

The Lagrange function
L=T-U

1 . 1 . ..
= §(m1 + mg)lftgf + §mgl§9§ + malyla6102 cos(61 — 02) + (m1 + ma)gly cos By + magla cos by



For 61, 61, we get

oL . .
20, = —molyl20102sin(0; — 02) — (mq + ma)gly sin 6,
oL ) .
g = (m1 + m2)1191 + m2l1l292 COS(91 - 92)
1
587 = (m1 —+ m2)1191 —+ m2l1l292 COS(91 — 92) — m2l11292(91 — 92) sm(91 — 92)
1

Thus
(m1 + mg)ﬁel + mglllgéQ COS(91 — 92) + mglllgég sin(91 — 92) + (m1 + mg)gh sinf; =0

Division by (mq + ma)ly

@ mo o mo . .
l191 aF mlg COS(91 — 92)92 aF mlgeg Sln(el — 92) =4k g sin 91 =0

For 6-, 92, we get

L ..
a— = —m2l1129192 sin(91 — 92) — m29l2 sin 92
00,
L . .
8—. = m2l§92 + malils6; COS(91 — 92)
00,
d oL . . S
&% = m21292 + m2Z11291 COS(91 - 92) — m2111291 (91 — 92) sm(91 — 92)
2

Thus
leSéQ + mglllgél COS(91 — 92) — mglllgé% sin(91 — 92) + mgglg sinfy =0

Division by mals

l1 COS(91 = 92)&1 aF lgég = l19% sin(Hl = 92) + gsinfs =0

2 ODEs in normal form, amenable to Runge-Kutta
The system of differential equations is:
. m2 . m2 . . .
Z191 + mlg COS(el — 92)92 + leQ% Sll’l(el — 92) + g s 91 =0

l1 COS(91 — 92)9.1 + 129.2 — 119% sin(91 — 92) + gsin92 =0

With p = ™ the system simplifies to
mi -+ mo
Zlél + /JZQ COS(91 — 92)652 + ubé@ sin(91 — 92) + gsin91 =0 (1)
l1 COS(91 — 92)9.1 + 129.2 — 119% sin(91 — 92) + gsin 0 =0 (2)

Eliminating 6, and solving for 6: (1) — pcos(6; — 65) - (2) gives

. . 1 .
I (1 - ucosQ(Ql - 92)) 01 + plaf3 sin(0; — 03) + gsin 0y + §ull sin(2(6; — 62))0? — pgsin b3 cos(f; — 62) = 0

l
With A = l—l we simplify again
2

. ) 1 .
(1 — u0052(91 — 92)) 01 + %9% sin(f; — 63) + lgsin(% + 5@5&1(2(91 — 92))9% — ,ulg sin Bz cos(f; — 02) =0
1 1

Finally solving for 6;:

%93 sin(61—62)+% sin 61+ 31 sin(2(91—92))éf—u% sin 03 cos(61—02)
pcos?(01—02)—1

=



Eliminating 6; and solving for fy: (1) - cos(fy — ) — (2) gives

. 1 . )
Iy (ucosQ(Gl — ) — 1) 0y + 5#12 sin(2(6; — 92))93 + gsinf; cos(61 — 02) + llﬂf sin(fp — 02) — gsinfs =0

l
With A = l—l we simplify again
2

. 1 . )
(MCOSQ(el —03) — 1) 0y + §,u sin(2(6; — 92))9% + lgsint% cos(f; — 63) + )\9% sin(f; — 63) — lgsm 0y =0
2 2

Finally solving for 0y:

%ysin(2(91792))9§+% sin 61 cos(91792)+)\9.f sin(@lfez)fﬁ sin 65

0y = 1—p cos? (61 —062)
!
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